Abstract. In non-cooperative bistatic synthetic aperture radar (SAR) 
Introduction
Non-cooperative bistatic SAR, which uses spaceborne or airborne radar as the opportunity illuminator, has recently been recognized as an interesting research hotspot [1] , [2] . Non-cooperative radars, despite its low system cost, can also achieve other benefits like improved feature extraction and classification of targets, increased surveillance for applications in conflict areas. However, bistatic SAR uses separate antennas for transmission and reception, this spatial separation poses synchronization challenges between the transmitter and the receiver. One of the synchronization challenges is the transmitter's real-time beam footprint detection and tracking. For the case of non-cooperative transmitter, as there is no special synchronization link between the transmitter and the receiver, the accurate arrival time and position of the transmitter's beam footprint cannot be known in real-time, but the anticipative observational area can be forecasted. So the sampling signal from the anticipative observed area should be analyzed in real-time to detect whether the transmitter's beam footprint is coming. After that, the synchronization mechanism of the receiver can realize beam synchronization.
To realize beam synchronization in non-cooperative bistatic SAR, there are two important problems to solve. One of which is the real-time detection for the arrival time of the transmitter's beam footprint [3] [4] [5] ; the other is the computation of the relative position between the transmitter and the receiver [6] , [7] . As the anticipative observational area can be forecasted, so the main work of the beam synchronization for non-cooperative bistatic SAR is to realize transmitter's beam detection and tracking in the azimuth direction. As the reflected echo from the observational area is a weak linear frequency modulation (LFM) signal, so the first problem can be seen as weak signal detection. There are some classical methods for weak signal detection. Traditional methods include fast Fourier transform (FFT), filtering, and lock-in amplifier, etc. As the SNR of reflected echoes is very low, the detection performance is poor. The stochastic resonance and wavelets are suitable to detect the LFM signals because of its unique properties [8] , [9] . However, the computational time is very long, and thus the weak signal detection cannot be realized in real-time. In summary, few studies have been reported about beam footprint detection for non-cooperative spaceborne/airborne bistatic SAR.
For the second problem, a double sliding spotlight mode is proposed in [10] . By reducing the footprint's velocity difference between the transmitter and the receiver, it can achieve a tradeoff between the azimuth resolution and the scene extension. But some assumptions significantly limit its practicability in non-cooperative bistatic SAR system. The comparison of attitude and antenna pointing design strategies for non-cooperative spaceborne bistatic radar were investigated in [11] . Two different beam synchronization methods are reported there. However, these methods do not include any beam detection mechanisms. Consequently, although the beam footprint synchronization methods have already been demonstrated, transmitter's beam footprint detection and tracking, especially the real-time realization of them, is still a technical challenge in non-cooperative bistatic SAR. Few studies have been reported for this topic.
In this paper, an efficient transmitter's beam detection and tracking method for non-cooperative bistatic SAR is proposed. Based on cross-correlation between the echoes of adjacent pulse repetition frequency (PRF) and M/N detection, the efficiency of transmitter's footprint detection is greatly improved. Meanwhile, according to the Doppler spectrum of the accumulated signal, the relative position between the transmitter and the receiver can be obtained. To better analyze the performance of the proposed method, vehicle-based bistatic SAR experiment and airborne bistatic SAR experiment are performed. The remainder of the paper is arranged as follows: Section 2 introduces the beam detection and tracking method. Section 3 briefly introduces of the vehicle-based bistatic SAR experiment and the airborne bistatic SAR experiment. The results of the two experiments are presented in Section 3 to verify the proposed method. Finally, some conclusions are drawn in Section 4. Figure 1 shows the beam footprints of the transmitter and the receiver, respectively. Suppose the transmitter is working in stripmap mode. The velocity of satellite is far quicker than the airplane's, and theoretical analysis shows that the beam width of the receiver is far less than those of the transmitter in spaceborne/airborne bistatic SAR system. If the receiver is also working in stripmap mode, the scene extension is quite limited. To achieve a tradeoff between the azimuth resolution and the scene extension, beam footprint detection and tracking should be implemented in non-cooperative bistatic SAR.
Beam Footprint Detection and Tracking
In non-cooperative bistatic SAR system, the ephemeris and the observational area of the transmitter can be acquired in advance, so the receiver's beam footprint can aim at the given observational area for a period of time without any synchronization. Due to the high velocity difference between the transmitter and the receiver, the receiver's beam footprint can be considered to be fixed. When the overlap of the beam footprint between the transmitter and the receiver is gradually increased, the cross-correlation result becomes larger. When the cross-correlation result exceeds the threshold, the Doppler spectrum of the accumulated signal is analyzed to get the beam footprint center distance between the transmitter and the receiver. If the beam footprint center distance satisfies the predefined condition [12] , according to the velocity and direction of the transmitter's beam footprint, the receiver's beam footprint moves to pursue the transmitter's beam footprint to realize transmitter's beam synchronization.
Beam Footprint Detection
Since the observational scenes of the adjacent PRF are almost the same, the adjacent sampling echoes have high correlation [3] . As the noises in the adjacent PRFs are independent, the transmitter's beam footprint detection can be realized by cross-correlation approach. To improve the detection performance, the correlation result is cut in the time domain to reduce the noise. Then FFT and noncoherent integration are performed for M/N detection. The proposed detection method can realize the accumulation of the signal energy without range correction migration correct, so the performance of the proposed beam footprint detection method can be enormously improved.
(1) Cross-correlation
The sampling echoes of the adjacent PRF can be written as:
where T = 1/PRF, s r (τ, η) and s r (τ, η + T ) are the adjacent sampling echoes, respectively. ω 1 and ω 2 are white Gaussian noises of the adjacent PRF with zero mean and standard deviation σ 2 , respectively.
The cross-correlation result of the adjacent sampling echoes is:
where R ω is:
When N is large enough, according to the central limit theorems in probability theory [13] , R ω is nearly white Gaussian noise with zero mean and standard deviation (2E s σ 2 +σ 4 )/N. E s is the energy summation of the backscattering signal. When the sampling echo is only noise, the real and imaginary part of R x 1 x 2 (τ) are independent, which are white Gaussian noise with zero mean and standard deviation σ 4 /N. The PDF of R x 1 x 2 (τ) is:
In CFAR systems [14] , the probability of false alarm is:
where Z is the mean clutter power, T is a scaling factor and f z (z) is the probability density function of Z.
Substituting f z (z) into (5), P FA is:
where M z (·) is the moment-generating function of Z. So if the false alarm probability P FA is given, we can get the threshold V T .
(2) M/N detection
The cross-correlation result of the adjacent sampling echoes cannot determine whether the received signal is LFM signal arisen from the transmitter radar. As the signal bandwidth of the transmitter can be obtained from the direct path signal, then M/N detection is performed after noncoherent integration to distinguish the sampling signal between the transmitter's LFM signal and other signal in frequency domain [15] .
The M/N detection can be written as:
where N is the sampling point in the range dimension.
Let P d,cell denote the probability that any given pulse exceeds the threshold. Let P d be the probability that the signal is detected, i.e., the threshold is crossed M p times within N p looks. Then, from (7), we derive:
The double threshold probability of false alarm is:
As can be seen from (4), after cross-correlation, ω is a white Gaussian noise with zero mean and standard deviation σ 4 /N. When only noise is present, the standard deviation of the noise after FFT is determined by the width W of the rectangle window. Then the real and imaginary parts of the noise are white Gaussian noise with zero mean and standard deviation 2W σ 2 p .
real According to the probability theory [13] , the PDF of z = |X (k)| 2 is:
Suppose the number of noncoherent integration is N c , then the summation of noise energy is a central chi-square distribution with degrees of 2N c freedom [13] . The PDF is:
Then the probability of false alarm P f,cell is:
For a given false alarm probability P FA , the threshold V 2 is computed as follows:
(1) The threshold M p is set by the bandwidth of the transmitter's LFM signal.
(2) According to (9) and M p , P f,cell can be obtained.
(3) According to (13) , we can get the threshold V 2 .
The scheme of the proposed beam footprint detection method is shown in Fig. 2. 
Beam Footprint Tracking
In bistatic SAR system, the Doppler bandwidth of the backscattering echo is determined by the relative position between the transmitter's beam footprint and the receiver's beam footprint. Suppose the Doppler centroid and Doppler bandwidth of the bistatic SAR system are known. Based on to the Doppler information of the accumulated echo, the relative position between the transmitter and the receiver can be obtained.
The initial time of the accumulated signal is defined by a certain time when there is no beam footprint overlap between the transmitter and the receiver. During the relative motion of the beam footprint between the transmitter and the receiver, the Doppler spectrum of the accumulated signal is analyzed. To better evaluate the relation between the beam footprint center distance and the Doppler spectrum, the When the transmitter moving to P, we choose some arbitrary targets simultaneous illuminated by the transmitter and the receiver, denoted by Target A, B and C. The Doppler spectrum of the accumulated signal in P is composed by all targets in the overlap between the transmitter and the receiver. Suppose the Doppler spectrum of the accumulated signal in P is [ f ap , B a /2]. When the transmitter moves to Q, due to the decrease of the radial velocity, the instantaneous Doppler frequency of all targets in the overlap between the transmitter and the receiver is reduced by a factor of K a T a , and then the low Doppler frequency of the accumulated signal is reduced by a factor of K a T a . Consequently, the Doppler spectrum of the accumulated signal in Q is [
During the relative motion of the transmitter and the receiver, the low Doppler frequency is gradually decreased. If the beam footprint center distance is increased to a certain value when the beam overlap is zero or the backscattering echo extended the receiver's range gate, the low Doppler frequency is decreased to −B a /2.
As the Doppler centroid f a0 and Doppler bandwidth B a of the bistatic SAR system are known in advance, we can compute the beam footprint center distance, by using the Doppler information of the accumulated signal received during the relative motion of the transmitter and the receiver. The relation between the beam footprint center distance d and the Doppler spectrum [ f L , f H ] can be written as:
where f H and f L are the high and low Doppler frequency of the accumulated signal, respectively. If the beam footprint center distance satisfies the predefined condition, the receiver's beam footprint is moving to realize the the transmitter's beam footprint tracking.
However, as the energy of the backscattering echo has nonlinear variation over the azimuth time in an inhomogeneous observational area, the estimate error of the Doppler frequency spectrum is increased and the beam tracking performance becomes poorer. So the proposed beam footprint tracking method has better performance in homogeneous area.
Bistatic SAR Experiments

Vehicle-based Bistatic SAR Experiment
The bistatic SAR experiment which uses noncooperative spaceborne radar as illuminating of opportunity is too complex to perform. In order to evaluate the performance of the proposed beam footprint detection approach, a vehicle-based bistatic SAR experiment with a Ku-band mini SAR system was carried out along the elevated highway in the south of Changsha, China.
The vehicle-based Ku-band mini SAR system is used as the non-cooperative transmitter and the receiver is a fixed Ku-band mini SAR system in the ground to receive the direct signal and the backscattering echo. As the elevation angle of the receiver is almost zero, the backscattering echo is very weak. on the roof of a sport utility vehicle (SUV), which is shown in Fig. 5(b) . The vehicle-based transmitter was used as a non-cooperative transmitter which moves along a straight elevated road. The height of the elevated road is about 20 m higher than the observational area. The velocity of the car is about 16 m/s. The stationary receiver was fixed in the ground which is about 5 m higher than the observational scene.
The observational scene is an island in the river, which is shown in Fig. 6(a) . During the vehicle-based bistatic SAR experiment, some corner reflectors are placed in the observational scene, which is shown in Fig. 6(b) .
Airborne Bistatic SAR Experiment
In bistatic SAR system, the beam footprint center distance between the transmitter and the receiver can be obtained according to the Doppler spectrum of the accumulated signal. In this section, the proposed beam footprint tracking method is validated by airborne bistatic SAR experiment. Figure 7(a) shows the sketch map of the airborne bistatic SAR experiment. The google map of the scene is shown in Fig. 7(b) . The transmitter is mounted in an airplane, and the receiver is fixed on the roof of a building. The transmitter and the receiver are all working in vertical stripmap mode. The angle of the antenna is 60 • .
On the one hand, based on the GPS equipment in the airborne transmitter and the fixe-receiver, the beam footprint center distance between the transmitter and the receiver can be obtained in any azimuth time. As the Doppler centroid and Doppler bandwidth of the airborne bistatic SAR system are known in advance, the ideal Doppler frequency spectrum of the accumulated signal can be acquired in any azimuth time. On the other hand, the beam footprint center distance can be acquired from the Doppler frequency of the accumulated backscattering signal. Consequently, the validation and performance of the proposed beam footprint tracking method can be obtained by comparing the beam footprint center distance computed from the Doppler spectrum and the GPS equipment.
Experiment Results
Beam Footprint Detection
Two different experiments are performed to evaluate the validation and performance of the proposed beam footprint detection method. In the first experiment, the transmitter and the receiver are all working in vertical stripmap mode. In the second experiment, the transmitter is working in squint stripmap mode, and the receiver is working in vertical stripmap mode. The results of the two experiments are shown below.
(1) The transmitter and the receiver are all working in vertical stripmap mode Figure 8(a) shows the amplitude of the adjacent sampling signals. Fig. 8(b) shows the cross-correlation results of the adjacent sampling signals and adjacent sampling noises. As the adjacent backscattering echoes have high correlation and the adjacent noises are independent, it is clearly seen that there is a peak value in the middle of the backscattering echo's cross-correlation result. The false alarm probability of CFAR detection is set at 10 5 . Based on the sampling noise, the Monte-Carlo simulations are carried out to compute the threshold V T (The red line in Fig. 8(b) ). In the M/N detection processing, M is the sampling point number in the range direction. Since the range bandwidth B r of the backscattering echo is known in advance, so N is set at INT (B r · F s ), where F s is the sampling frequency. The false alarm probability of M/N detection is also set at 10 5 , then according to (9) and N, the threshold V 2 (The black line in Fig. 8(c) ) can be obtained. The range bandwidth of the Ku-band mini SAR system after dechirp processing is 8 MHz. As can be seen from Fig. 8(c) , the range bandwidth of the backscattering echo's cross-correlation result agrees well with 8 MHz. According to V T and V 2 , the performance of the beam footprint detection method is evaluated by the experimental data. Fig. 9 shows the maximum values of the adjacent echo's cross-correlation results and the threshold V T . The marker in Fig. 9 shows the position where the detection method can realize stable detection of the transmitter's beam footprint.
The width of the receiver's beam footprint in the azimuth direction is about 90 m. As can be seen from Fig. 9 (a) and 9(b), the proposed method can even realize beam footprint detection in the sidelobe of the receiver, so the transmitter's beam footprint can be detected in advance. Then the Doppler frequency spectrum of the sampling signal is analyzed to compute the beam footprint distance.
The observational area is an island in the river which is shown in Fig. 10(a) . As there is no synchronization link between the transmitter and the receiver, the conventional motion error correction method cannot be used to realize accurate imaging of the scene [16] . Figure 10(a) shows the bistatic image without synchronization process [17] . The monostatic image with motion error correction approach is shown in Fig. 10(b) . From  Fig. 10 , we can clearly see that the bistatic SAR image fit very well with the observational scene and the monostatic image. The resolution of the bistatic SAR image is about 0.85 m (azimuth) × 0.35 m (range). The ideal bistatic resolution is 0.6 m (azimuth) × 0.3 m (range). As the transmitter is non-cooperative, then the motion compensation technique cannot perform. So the resolution of the bistatic SAR image is poorer than the ideal value. Still, the bistatic SAR image and the monostatic SAR image are almost the same, which validate that we can get the coarse image of the observational scene in non-cooperative bistatic SAR system.
(2) The transmitter is working in squint stripmap mode, and the receiver is working in vertical stripmap mode
In this experiment, the transmitter is working in squint stripmap mode, and the squint angle is about 8 • . The receiver is working in vertical stripmap mode. The cross-correlation result of the sampling signal is shown in Fig. 11 .
As the transmitter is working in squint stripmap mode, so the peak value is deviate from the center position of the cross-correlation result. According to the squint angle and the slant range, the ideal position of the peak value is about −115 m. As can be seen from Fig. 11 , the peak value position of the cross-correlation is about -120 m, which agrees well with the ideal position. As can be seen from Fig. 11 , the proposed method can also realize beam footprint detection in the sidelobe of the receiver in squint stripmap mode.
Due to the limitation of vehicle-based experimental conditions, the elevation angle of the transmitter and the receiver are all very small, so the backscattering echo is very weak. However, the proposed beam footprint detection method is validated by the cross-correlation result of the vehicle-based experiment. Experiment results show that the proposed method can realize stable beam footprint detection in the sidelobe of the receiver.
Beam Footprint Tracking
Due to the limitation of vehicle-based experimental conditions, the proposed beam footprint tracking method is validated by airborne bistatic SAR experiment in this section. The transmitter and the receiver are all working in vertical stripmap mode. Figure 12 (a) and 12(b) show the amplitude of the backscattering echo and image of the scene, respectively. As can be seen from Fig. 12 , the energy of the echo is mainly distributed in the overlap area of the beam footprint. On both sides of the echo, the sampling signal is mainly noise, because the transmitter and the receiver have little overlap. Figure 7(a) shows the relative position of the transmitter and the receiver. According to the GPS information between the transmitter and the receiver, the real beam footprint center distance is shown in Fig. 13(a) . Suppose the initial accumulation position is 1. Then from (14), we can derive the ideal Doppler frequency information of the airborne bistatic SAR system which is shown in Fig. 13(b) . Because the initial accumulation position is fixed, so the high Doppler frequency is stable with the increasing beam footprint overlap. The low Doppler frequency is gradually decreased. When the beam footprint center distance between the transmitter and the receiver is zero, the low Doppler frequency is about 0. If the beam footprint center distance is increased to a certain value when the beam overlap is zero or the backscattering echo extended the receiver's range gate, the low Doppler frequency is decreased to −B a /2. Fig. 13(b) and Fig. 14(b) , it can be found that the experiment result fit very well with the ideal result. The estimated beam footprint center distance is shown in Fig. 14(c) .
The beam footprint tracking error of the proposed method is shown in Tab. 1. The error is indicated by the deviation of the estimated footprint center distance with respect to the real distance from the GPS information. The azimuth width of the receiver's beam footprint is about 900 m. Table 1 shows the beam footprint tracking errors of the proposed beam footprint tracking method. As can be seen from Tab. 1, due to the sidelobe of the receiver's beam footprint in the initial and end positions, the Doppler frequency errors are larger. The maximum beam footprint center distance error equals to −46.35 m, which is about 5 % of the receiver's beam footprint width. Meanwhile, the Doppler centroid of the backscattering echo is decreased from B a /2 to zero with the movement of the transmitter's beam footprint.
Due to the limitation of the airborne bistatic SAR experiment, the observational area is mainly low scattering coefficient area, so the Doppler frequency errors are larger. Although the maximum beam footprint tracking error is about 5 % of the receiver's beam footprint width, the performance of the proposed beam footprint tracking method can be well validated by the airborne bistatic SAR experiment result.
Conclusion
In this paper, an efficient transmitter beam detection and tracking method for non-cooperative bistatic SAR is presented. Based on cross-correlation and Doppler frequency information of the backscattering echo, the efficiency of scene raw data detection and tracking is greatly improved. The results of the vehicle-based non-cooperative bistatic SAR experiment show that the proposed detection method can realize transmitter beam footprint detection in the sidelobe of the receiver. Furthermore, the results of airborne bistatic SAR experiment show that the proposed tracking method can well realize transmitter's beam footprint tracking in non-cooperative bistatic SAR. On the basis of the proposed beam footprint detection and tracking method in this paper, non-cooperative spaceborne/airborne bistatic SAR experiment and real-time processing will be topics for future research.
